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NOMENCIATURE 

thermal equivalent of work ; 
heat capacity of the ith component of 
a mixture at a constant pressure ; 
molar heat capacity of the ith corn- 
ponent at constant volume ; 
diffusion coeflkient of the ith com- 
ponent ; 
activation energy; 
radiant energy full fiows, incident 
and reflected; 
mass forces vector component (with 
respect to mass unit); 
arbitrary function of X, u and T,; 
to~h~t~ntentofmix~~ss~t; 
mass unit heat content of the ith 
component ; 
number of mixture components; 
diffusion vector component of the 
ith component; 
concentration change velocity of the 
ith component due to chemical 
reactions (of ~on~q~~b~urn) ; 
molecular weight of the ith com- 
ponent ; 
averaging coefficient ; 
pressure; 
pressure of an adiabatically de- 
celerated flow ; 
heat flow vector component; 
number of reactions when the ith 
component originates; 
temperature ; 

wall temperature; 
velocity on the edge of a boundary 
layer; 
one mole internal energy of the ith 
component (=utB + J$ cyi dT); 
internal energy of one mole at 
absolute zero; 
velocity vector components of a 
mixture as a continuous medium; 
ath reaction rate; 
absorption coeflicient ; 
boundary layer thickness; 
displacement thickness; 
laminar sublayer thickness; 
volumetric heat release (c = 0 for a 
plane problem ; (I = 1 for an axi- 
symmetric problem); 
mixtnre heat conductivity coefficient ; 
mixture viscosity coefficient ; 
viscosity of the ith component; 
stoichiometric coefficient ; 
relative mass conc42ntration of the ith 
2:: ~~~~~t [fi = (PJP)l; 

density of an ad~batically decelerated 
flow ; 
Boltxnan constant ; 
conductivity; 
friction tensor component ; 
molar concentration. 

1. EQUATIONS OF MOTION 

THE steady equations of motion of an ideal gas 
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mixture in the boundary layer of a wing or of 
axisymmetrica1 bodies in the presence of 
radiation diffusion may be written in the form: 

(a) mass ionization equation: 

a a 
z pup f G ply = 0; (1.1) 

(b) momentum equation : 

8P =-y-+pF,+f$; 

(1.2) 

o= - -5; PF,; (1.3) 

(c) diffusion equation : 

(d) energy equation : 

i Az7,7,3 t fy (E+ - E-j -t- p~j ; (1.3 

(e) radiation transfer equation, which for a 
grey body (if radiant energy dispersion is to be 
neglected and local thermodynamic equilibrium 
is to be assumed) will have the form: 

(1.6) 

(1.7) 

aE+ _- 
aY 

= ma(uP - E+), 

aE- 
- = ma(oT4 - E-) ; 
?V 

(f) equation of state 

where 

P RT I_ = ..-- 
P M' 

When considering motibn of gas in the 
absence of electric and magnetic fields, mass 
forces may be neglected. In the case of a con- 
ducting gaseous medium, the mass forces com- 
ponents pF, and pF, are determined from the 
equations : 

a B; f B; -+ $ 
PF~ = - 5 

7 
, 2 I 

where B,, B, and Bz are the vector components 
of magnetic field intensity. 

The magnetic 6eld intensity is determined 
by the Maxwell equations, which in the case of a 
boundary layer may be written in the form: 

aB, a& 3 s.. ! 
~+~=U” I 

1 a2B, _ -.- = i 
a6 ayz 

- ; (0, B, - ~7, B,), J 

(1.11) 

1 a2B,, - -= 
*e aY* 

- ; (u,B, - ur, B& 1 

‘1 a2B 80, 
)_ (1.12) 

- &$B,+- B,. 1 
ce aY2 aY 

In the case of a conducting medium, 
pe = (j2/u) is the Joule heat, where j is the 
current density vector (j’ = V x B). 

Equations (1.2) (1.4) and (1.5), the com- 
ponents of a friction tensor, diffusion flow vector 
and heat flow vector will be expressed differently 
in cases of laminar and turbulent boundary layers. 

In the first case, if thermodifksion is to be 
neglected, then T=~, q,, and J,! may be deter- 
mined from the following formulae: 

au, 

TaV = P 5’ 
i 

I 

4 

ati 
= PBiq, ! (1.13) 

v:+ 1 
=h+AZ, M= 

c 

li iw,. (1.8) 
* 

qv = ;;{; +c(Lei- l)hi 
i 
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where 

PQi 
Lei =h; 

i I 

uio 5 
T 

hi =$&+ C.pi dT; h = Z [ihi. 

In the casi of a turbulent boundary layer, if 
we proceed from the semi-empirical theory of 
turbulence, it may be assumed [l]: 

Txy = P 12 ($)I 1 

au, 
4V = P$-- 

where Z, /i and I,, are mixing lengths for momen- 
tum, diffision and heat transfer, respectively, 
which in boundary layer problems will be 
assumed to be proportional to the distance from 
the wall. 

Moreover, considering a turbulent boundary 
layer, we shall assume that near the wall there is 
a laminar sublayer SL, wherein formula (1.13) is 
valid, the derivatives of heat content velocity 
and concentration undergoing discontinuity 
when passing through it, namely: 

If 1; = lh = 1, then the coefficients K,, EC, and Ka, 
as can easily be shown, are connected with the 
relations : 

KS = K,--$,, KS = K,':'. 
t 

Diffusion, viscosity and heat conductivity co- 
efficients for a gas mixture depend upon tem- 
perature as well as upon concentration of 

certain components. At present there are no 
complete theoretical and experimental data on 
their determination for multicomponent mix- 
tures. 

There is a number of formulae for binary 
mixtures. For example, in Wilke’s work [38] 
formula is suggested for the calculation of 
two-gases mixture viscosity : 

where 

f, = t1 + C”ilMjY’* d(PiIPkdlz 
rf 29 I41 + W&WI * 

The dependence of viscosity upon temperature 
is well described by the Saterland formula [2] : 

where 

is the Saterland constant. The dependence of 
heat conductivity upon temperature can be 
expressed through the number Pr = (c,p/h) and 
the dependence AT). 

The question of determining and calculating 
the viscosity coefficient, heat conductivity and 
diffusion for air has been discussed in detail 
[3, 41. As far as the velocity of change of con- 
centration on account of chemical reactions Ki 
is concerned, it may be represented in the form: 

Ki = Mf i via Wi. 

The equation of a reaction in chemical sym- 
bols is written in the form: 

i-1 

Since 5 Ji = 0 from the determination of the 

difIusio~%ctor, from equations (1 .l) and (1.3) 
q 

we have that Z vg,Mi = 0. 

The reacti$’ rate W,, according to the mass 
action law, will be written thus: 
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where K,’ and Kii are rate constants of a direct 
and inverse reaction, respectively; ci, c, . . . , 

C:, ci are concentrations [Ci = (SJMf) p]. 
The reaction rate constants are functions of a 

gas mixture state. At quasi-equilibrium processes 
they may be considered as functions of tem- 
perature. In many cases they may be expressed 
according to the Arrhenius law in the form: 

K‘ = A,(T) e-E/RT G , 

where A,(T) is some constant or function of 
temperature. 

The constant of a back-reaction is determined 
by means of the chemical equilibrium constants, 
K,” and K,‘, by the formula: 

The question of determining reaction rate 
constants for dissociation of two-component 
mixtures and for air is discussed in [S, 6, 7, 8, 
etc.]. However, data on the determination of 
K,’ and Kif in the case of dissociation and 
recombination are not available. 

For the approximate solution of boundary 
layer equations it is assumed that there occurs a 
local chemical equilibrium. Then, concentrations, 
[i, as functions cf pressure and temperature, 
are determined on the basis of both the mass 
action law and the equations of ccnservation of 
atomic number. In this case thermodynamic 
functions of air have been determined and 
presented, for example, in tables given by 
Predvoditelev [9]. Equation (1.3) is excluded 
from consideration. 

What may be the error of such an approxi- 
mate solution has not yet been established. 

2. TRANSFORMATXON OF EQUATIONS TO THE 
DORODNIT!3IN VARIABLFS 

Let us introduce the values being as indepen- 
dent variables 

f = J ’ f (x, u, T,) p<- rh dx, 
0 

7" yp J - r( dy. 
0 Pm 

By introducing a new function instead of v,: 

v, = P_ p” ‘2 Pm uz aT1 

PCQP f 
c, f r-2C - _ _ 

P fax' 
and turning to dimensionless variables 
24=24mSrii 

7 = TjL, H = Hao(l + g), 

hf = JIco(l f L?f>, 
Ei 

Zf = g 

where 

LH* 
u;, = 7; 

L is the characteristic length having the order of 
thickness of a boundary layer; after certain 
transformations the equations determining the 
laminar motion of a gas mixture (ignoring 
radiation) may be written in the form (bars 
omitted in future): 

av, av, 
g+K=O, (2.1) 

au, PO du v”%+ VVa;=Tu8+; (2.2) 

+ pi (2.3 

(2.4) 

4 

where 

w, = K,pcD r-2r L2 ’ Lei 
1 ’ p p f L&’ 2%; = Fir’ 



METHODS OF SOLVING BOUNDARY LAYER PROBLEMS 93 

Let us represent boundary conditions for where 8i, S, and SS respectively denote thick- 
system, equations (2.1) to (2.4) as follows: nesses of dynamic, thermal and difl’usion boun- 

I = 0, u, = 0, V, = Vo, zi = ZWi, ’ 
dary layers in the Dorodnitsin variables. The 
thicknesses mentioned are determined from the 

g+_1=g,, 
co 

gi = h; - 1 
conditions : 

(2.5) m azj aH 

r]+cx)o,=u, zi=1, g=o. 
1 

2 
I 1=4 

=o, &- ?_*,=o, 6 _=o. 
I I 

In the absence of volumetric heat release and 
[It is assumed in equation (2.8) that 

mass forces, provided that Hco and tf6 are 
(4, + Au 7 ) d = o I In the c8se of an asymI,_ . 

assumed to be constant, integral relations in the 
totic bo;h$tg hyer in equation (2.3) it must 

Dorodnitsin variables will be written as follows : 
beassumedthat6,=6,=6,=oo.Inthecase 
of equilibrium dissociation with the assumption 

d s** + - f, $(26** + s*) 
that (T/M) = ah + b the thickness of dis- 

dt 
placement 6* is represented in the form: 

K, a 0, 

=-iFv* -- ( 1 a, u 
+ VW, (2.6) ‘* = 1 - A(u’,~H) + (tWL) 

VI-0 

X &+A*+A &S* 
OD 03 > 

3.~LB- &LUTiONS OF r LAMINAR BOUNDARY LAYER EQUATIONS 
w9 Let us find out at what values of u([), V&f), 

g&) and Zi&) solutions of equations (2.1) to 
(2.4) dependent on one variable T = 7x(8 are 
possible. 

Assuming 

to (2.4) will be reduced to 
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aF @F aF as 
----_....A 3 Gl 
al arat ag a+, (d/de) In (X/U) 

+ [$f+c+$ 

dulde c, =- 
u (d/d0 ln W) 

w (.gf(du’de) 4 N# 
= const, 

(3.2) 
where it is assumed that 

= w~(+ko) + “‘s(T)‘+‘&), 

=;N[; g+ (1 -a); iT (3.3) 

xq+a;aZ’. 
gw ’ aT I ’ 

(d,dt): (x/u) 1 $ 
al; aFaZil 

In ti8 Zi ~~ + 5 ag 

where 

1 t (3.6) 

J 

4 (d/d~~ In (x/u) 
ding, 

df 
and > 

C+l d In 6is 

4 (d/d& h (x/u> d-5 1 

are constant values. If the assumption 
(TIM) = ah + b is valid, then : 
WI(T) = F(T), 1 

gw 
w2(5) = 1 - U* + (b/a&,) 

&(T) = 1 + -&’ [l-EY] -(;):I 

. 
1 

w4(5) = r- u* + (b/ah%) 

(3.7) 

that 

(3.8) 

In the case of a plate or a cone, the conditions 
of equation (3.6) are always fulfilled and the 
remainder with the assumption that f = N1 give 

As is seen from the system of equations given the following equations for determining x(t), 
F, v and Z1 will be functions of 7 if the following VO(& g&f) and &a(f) : 

conditions are fulfilled : 1 ‘\ 

iv = N,(t)Nit~), x(f) = 1/{2&) 6 + CJ} v. = csxy 
I 

Vof -= 
4x 

cs = const, 1 
1 (3.5) 

C6 -= 
Nl 

- cl = const, 
J 

gW = c5 4 + F 
( 1 

y 
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where cl, c,, ca, cl, c,, c6, c,, cg are arbitrary con- 
stants. And 

have to be functions of T or constants. 
Similar solutions of equations (3.2) to (3.4) 

are presented, for example, in the case of a plate 
for some particular cases [lO-131. Ordinary equa- 
tions obtained in this case are simply solved 
when Pr and Lef are constant, N&T) = const, 
gw = const, &a = const, @i = 0, and injection 
is absent. In the presence of injection and 
variable numbers Pr and Le, the equations are 
solved numerically. It will be noted that the 
solution of the ordinary equations obtained in 
the presence of chemical reactions, i.e. at 
B’i # 0, has not yet been actually considered 
(see, however, [12] and [14]). The case with 
variables g,, tib has not been considered either. 

In the case of a wing or axisymmetrical body 
the conditions that [l - (l/Pr)] ue/gw is the func- 
tion of 7 or the constant (since u is the function 
of E) may be fulfilled only when: 

(a) Pr = 1 

and Pr is the function of 7 or the constant. 
In the case of hypersonic velocities, when a 

boundary layer of thin bodies is considered, it 
may be assumed that u* % 1, then the condition 
ue,gut = const will be fulfilled at g, = const. 
When a boundary layer near a stagnation point 
is considered, ue may be assumed approximately 
equal to zero. The conditions of equation (3.6) 
are fulfilled not at each dependence pa/p upon T. 
In particular, for their fulfllhnent it is necessary 
that w,<f)/w,(n = const, which with the assump 
tion that the equation (T/M) = uh + b is valid 
leads to the condition g, = const. 

In this case equations (3.5) and (3.6) lead to 
the following equations for determining x(4‘), 
~(0 and V&) where there are similar solutions: 

f V. = cgNlx, &(; - ;:) = - Cl 

f W/d0 
N1xa[1 - up + (b/a&)] = ” 

(3.10) 

From the latter equations we get: 

(3.11) 

and for u(t), the following equation: 

f WV 
N, /3[ 1 - u2 + (b/u&,)] 

u- (l/m)+2 
= 

De [l - u2 + (b,uHm)]-“2” 

or 

(PC+) r-‘* (duldx) 
NJ3[ 1 - u1 + (b/t&o)] 

= D2 [l 

t(-(llm)+2 

- u2 + (b/uHco)]-“8”” 

where 

1 Cl 
-= 
2m PI1 + @,~fWl’ 

The term entering equation (3.2) 

1 du 
; @ (d,dt;;(x/;T [; - (g)1 

=P[ l+g,-(~)2(lf,~)+&--~ 

The form of the function u(x) depends on para- 
meters 8, m and D, and that of ~(0 on the 
form of the function f (0 as well. 

In particular, assuming that 

f = Nl (1 - u” + -&)1+(1’2ffl’, 
m 

we shall get u(5) in the form: 

a = cn(5 + c12)” 

ifm # 1, and 

u = cU eDa 

ifm= 1, where II = [m/(1 - m)], 

(3.13) 

(3.14) 

40 = D gd/[l 

u-(l/2m)+l 

- u2 + (b,uHoo)]}-I'*'"' 

cU, cU are arbitrary constants. 
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If we assume f = uNi we shall obtain 

x = u &c,l: D)) (3*15) 
and 

The variables I and T turning into the Mangler 
variables. 

The numerical solutions of equations (3.2) and 
(3.3) under boundary conditions: 

P(0) = F’(0) = 0; F’(co) = 1; 

V(O) = 1; Q)(a) = 0. 

at b =O,N1=l,Pr=l,Le~=landm#l 
over a wide range of /I (up to /3 = 2) were ob- 
tained by a number of investigators [H-17]. 
Moreover, Cohen and Reshotko [17] obtained a 
numerical solution of the mentioned equations 
at Pr = O-7 and (2/g,J = 1.2. 

Similar solutions may also be used in studying 
a motion near the critical point where 
u m x(du/d&. It is convenient to introduce 
here the Mangler variables. Numerical solutions 
of equations for this case are presented by 
Reshotko and Cohen [18] for Lei = 1, N1 = 1 
and by Li and Nagamatsi [16] and by Lees [ 191 
forPr = 1 andPr = 0.7. In the neighbourhood 
of the critical point at Z..e* # 1 for final reaction 
rates for a catalytic and non-catalytic surface, 
the numerical solution of equations (3.2) to 
(3.4) was obtained by Fay, Riddell and Kemp 
[20, 211. The solution of these equations for 
injection and also for another change law of 
u(# has not been discussed in detail. Similar 
solutions for chemical reaction and surface 
melting also demand a more detailed analysis. 

4. APPROXIMATE METHODS FOR SOLVING 
LA?MINAR BOUNDARY LAYEiR EQUATIONS 

As was mentioned above, similar solutions 
may occur both with definite velocity distribu- 
tion of external flow along the edge of 
the boundary layer and for certain ranges of the 
numbers Pr, Leip g,, etc. In the general case of 

arbitrary pressure distribution along a profile 
and with arbitrary boundary conditions the 
problem has to be solved approximately. 

In the boundary-layer theory the following 
arbitrary methods are applied: 

(1) A partial application of local similarity in 
which the pre-history of a flow is taken into 
consideration only as the dependence of co- 
efficients on the variable f. 

(2) Methods of integral relations. 

(3) Methods involving expansion in series in 
which the coefiicients of each variable are ob- 
tained by solving ordinary differential equations, 
and the expansion variables depend on the 
conditions outside the boundary layer. 

(4) Methods of successive approximation. 
(5) Difference methods for solving laminar 

boundary-layer equations. 
(6) Methods of small disturbances. 

We shall now consider on these methods: 

(1) Local similar solutions 
It is the essence of this method that the 

problem is reduced to solving systems (3.2) and 
(3.4) with local values /3, g,, (ua/&) and N 
determined at each point of E. 

Such a method is applicable if it is known 
beforehand that the external flow and gas 
properties on a body depend little on I, i.e. 
when derivatives with respect to 4 are small 
compared with those with respect to T]. 

(2) Method qf integral relations 
The application of this method to solving the 

problem of gas motion in a laminar boundary 
layer is different both for a &rite thickness layer 
and a symptotic one. For the layer of fmite 
thickness it is assumed that the prolile of 
velocities, heat contents and concentration may 
be represented as polynomials of ratios (l/S,), 
where & is the corresponding thickness, the 
coeEcients of which are determined from the 
conditions on the wall and on the edge of a 
boundary layer. From the integral relations we 
get ordinary differential equations for deter- 
mining boundary layer thicknesses. The wall 
conditions are obtained from the differential 
equations, assuming their validity on the wall, 
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their number being able to increase by dif- 
ferentiating the equations. For a thermo- 
isolated proiile the method in question was used 
in a number of works [U-24]. The calculations 
become rather complicated under more general 
wall conditions. 

For the asymptotic boundary layer, the 
integral relation method is used, with corres- 
ponding pro&s taken from a similar solution. 
In the foreign literature such a conception was 
first used by Thwaites [25], who considered a 
definite relation in which tangential wall stress, 
local pressure gradient and the ratio of dis- 
placement thickness to the impulse loss thickness 
are interrelated. The Thwaites method was 
worked out by Rott and Crabtrec [26] who 
considered the case for Pr = 1 and a thermo- 
isolated surface, and also by Cohen and 
Reshotko [17] for Pr = 1, g, is constant. In 
Cohen and Reshotko’s version the enthalpy 
gradient on the wall, g,#(O), is assumed to be, 
as -a result of similar solution, the known 
function /I of the parameter connected by the 
definite relation with the pressure gradient and 
impulse loss thickness. 

Later on this method was worked out by 
Hayes [27] who, in contrast to Thwaites, intro- 
duced the boundary layer thickness as the 
function G(x) instead of the impulse loss thick- 
ness to separate the variables. 

Methods utilizing local similar solutions are 
similar to the Kochin-Loitsyansky method [28] 
worked out for an incompressible liquid and 
generalized for a compressible one. 

We shall now show how it is possible to solve 
a problem on a gas mixture motion in a laminar 
boundary layer by the method mentioned above. 

If we assume that fi = N, and introduce the 
values 8** = 8**x, S:= x8:, d**= - (x/g,@** 
and substitute (v,/u) = (aF/%) etc., the integral 
equations (2.6) to (2.8) may be written as 
follows : 

= s**F;; (0, t) + A; _J 
G 

dA** d In u 
- ud** do + A** d[ ( - t%gP* 1 = ;t 1 &oq@, c)d** I + 2 (tii - 1) +Y& d**r’,(o, 6) 

6 1 J 

i 
(4.3) 

where 
a+*2 duldl 

B = S**r i - UL + (b/ax)’ 

&~!gL!Lj. (4.4) 

For the approximate solution of the problem of 
gas motion in a boundary layer of the wing, 
when there are no similar solutions, let us assume 
that: 

% aF -=- 
U 

a77 Q, = p1(7d9 Zi = Zd7n)9 

where 

pi = & S**, TV = +* 8$, 
, 

rg = & d: 

and the form of the functions fir,), do*) and 
ZXQ) are the same as in the case of similar 
solutions. In this case we shall consider the 
parameters 8, A, g,, Zi, as functions Of I; 8, fir 
being expressed through a** and u(f) from 
equations (4.4) where: 

a: = s ,“$ (1 - Zi) dr, 

and so on. 
The values entering the integral equations 

r)**FJO, t), SF/S** as functions of p and 8; 
d*/S**, v;(O, &d** as functions of 8, a, g,, Lei 
and Pr; 8$/S**, S*J;,(O, e) as functions of p,‘&; 
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&,, LeJPr and d**/6** as a function of /?, 8, g,, 
Z,,, Let and Pr are determined from similar 
solutions. 

In solving the problem, a** is fhst determined 
as a function of I: at given u(t) and V. from 
equation (4.1) then /I(e) and &(&Q, and lastly 
8: are determined. Friction, heat transfer and the 
diflusion flow are dcterrnined from the relations : 

Equation (4.1) for the incompressible liquid was 
solved by Kochin and Loitsyansky. The soiution 
of~~~~tionsf~~~ = 1 atg* =Ohas 
been obtained [29]. 

The works devoted to the consideration of 
more general cases, as far as we know, are not 
available. 

For simphcity we shall consider thermo- 
dynamic equilibrium at Let = 1. To apply the 
expansion method it is lltcessary to express all 
the parameters, chilractrrizin# gas properties, 
(e.g. the density ratio pdp) analytically. 

The velocity outside a boundary layer is 
represented as follows 

u = &p4 + u,p4 + %f5’4 . . . a$ u&@K+lv4, 

K=O 

(4.5) 

where UK is a constant, and is determined from 
the non-viscous velocity distribution. 

The unknown functions of F and g* are also 
given as power series of 5. 

where FK and gx are considered to be dependent 
only on 7. 

The first term in equation (4.5) is a non- 
viscous flow in the neighbourhood of the axi- 
symmetrical critical point. Such a flow has 
been examined before, so that F8 and g, are 
known. Substituting equation (9.6) into the 
equations and comparing coefficients at equal 
powers of 5, we get ordinary differential equa- 
tions for determining FK and gK. In the general 
case this method leads to very laborious cal- 
culations. Nevertheless, it can be simple enough 
if the non-viscous velocity distribution is repre- 
sented by two or three terms of series of equation 
(4.5). 

This method was used by GBrtler [30] for a 
twodimensional incompr~i~e boundary layer 
without heat transfer; and by Sparrow f3 I] for 
the same problem with heat transfer. It can also 
be generalized for the case JQ?i - 1, as well as 
for cases where diffusion is taken into account. 

(4) Merho& of surcessiuc ~pproxi~ti~, 
This method applied to an incomp~ible 

liquid is given in Shvets’ work [32]. The essence 
of this method is as follows. In the system, 
equations (1.2) to (1.4), for a first approximation 
inertial terms are neglected, and the solution 
of a simpliied system with corresponding 
boundary conditions is found. The next approxi- 
mation is obtained by substituting the first one 
into the inertial terms, and solving the system 
obtained for zero boundary conditions. The sum 
of this solution, and the iirst approximation 
gives the second approximation and so on. The 
thicknesses of dynamic, thermal and dBusion 
boundary layers are determined from the 
conditions : 

Applying this method to a compressible liquid, 
it is convenient to introduce the variable 
;j = S:, (p/f~~) dy, instead of the variable 7. 

Using this method Galanova [33] solved the 
problem for a laminar boundary layer of a plate 
in the presence of dissociation. The solution of 
the problem of a laminar boundary layer both 
of a plate and a wing in the presence of injection 
predetermined by the arbitrary law is given in 
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work [34]. A good agreement of the results 
obtained by this method with the available exact 
solutions should be noted. The laborious nature 
of the calculations is a drawback of this method. 

(5) Difference methods 
Methods for the solution of laminar boundary 

layer equations employing assumptions (simi- 
larity, predetermined type of a velocity profile 
and enthalpy, velocity expansion outside the 
boundary layer by 5 with coefficients independent 
of 5, etc.) which facilitated the problem of 
reducing a non-linear system in partial deriva- 
tives to one or several non-linear ordinary 
equations, were considered in previous sections. 
But even with such simplifications one has to 
resort to a numerical solution of the equations 
obtained. It is therefore of interest to consider 
methods for directly solving the partial dif- 
ferential equations without applying assumptions 
of similarity, etc. 

For simplicity let us consider the case of 
thermodynamic equilibrium at Lei = 1 [35]. 

Turning to Crocco’s variables: 

and introducinithe unknown functions : 

we shall write equations for determining ? and 
H’ as follows: 

+ El t$ + & = 0, 
z 

f De ;+’ 
t 

(4.7) 

+ 

where the coefficients Al, B,, C,, 4, E,, F,, Ag, 
BP, C,, Dg, Es, FI and G, are complex functions of 
all the initial values and also of 5, b,, f, h, Pr, 
du/dt and K = (c,/c,). 

Boundary conditions will take the form* at 

z’ 2 = 0, g 
PO du 

=fi f, u, - ( ho 
2 ps ’ a$$ & ) 
_ 
v, = 1, T=O, H’=O. (4.8) 

It can be shown that the system presented is of a 
parabolic type, and the characteristics are the 
lines 6 = const. It makes it possible to apply 
approximate methods using the connexion 
between the values of the function and those 
of its derivatives at three neighbouring points to 
the system presented. As a result the problem is 
reduced either to the solution of n algebraic 
equations with n unknowns, or to the system of 
the ordinary differential equations on each 
line 6 = const. There arise difficulties in ob- 
taining data on the singular line. 

The difference approximation of derivatives 
has been represented by 6 as well as by fir in the 
form [35]: 

aH’ H,’ - H; 1 
sg= fl[ ’ I 

aH’ = &- (H: - H: + Hi - H;), ac, + 
asH’ --= dv (Hi - 2H; + H: + H; ae 7 

- 2H; + H;), 
i 

(4.9) 

(g) (ii) 

+ W,, - H;) (?a - +,)I J 
where symbols d, e, f, u, b, c refer to the series of 
three points chosen on the successive lines 
5 = const. 

On each line I = const the system is reduced 
to 2(i - 1) linear equations with 2(i - 1) un- 
knowns, Hi and si, of the form: 

l p, is the pressure in the vicinity of a singular point 
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Symbol i is the index of the point on the pre- 
determined series 6 = const of such a point that 
i=OcorrespondstozT~=O,i=1,ii,=1. 

Solving the system with respect to Hi and ~~ 
on a new line, using the conditions 0, = 0 and 
_ 
V2 = 1, we get the values of Hi and +‘i which are 
then used for determining these values on the 
next lines. 

Calculations are made in two opposite direc- 
tions: one, starting with the body boundary 
with fixed conditions at 17, = 0 and the second, 
vice versa, from the boundary layer edge with 
fixed conditions at 8, = 1. The conditions on the 
singular line 5 = 0 are obtained from equation 
(4.6). Assuming the existence and the only 
possible way of solving system, equation (4.7), 
with boundary conditions, equation (4.8), the 
solution being regular in the region 0 < 0, < 1 
to c < f < cc one may come to the conclusion 
that : 

a~’ a? 
z = Ft = 0 at .$ = 0. 

Because of the use of power dependences for air 
properties in [35] finite limits of coefficients at 
aI!‘/@ and at &/al in equation (4.7) were 
found. 

Thus, to determine H’, + on 6 = 0 we get a 
system of ordinary differential equations with 
two point ‘boundary conditions, the solution 
of which is found by the Runge-Kudt-Hill 
method. The method mentioned above was 
used for calculating both a perfect dissociating 
gas and pressure distribution according to the 
Newton mod&d theory. (ppoIp#) = SmW. 

Difference approximation, equation (4.8), 
may be replaced by the relations establishing the 
connexion between the values of the function 
and those of its derivatives at three adjacent 
points : 

d = li; I = [ii+1 = fi + h; 

I = &+z = & + 2h.. . ; 

where h is the step by E. 

F(5,+29 6~) = 9Eied 

aF 
+ B;?i f’6~+1 + Wh I (4.10) 

We understand the function F to be one of the 
functions H’ or i. 

From equations (4.7), with the help of 
equation (4.1 I), we may eliminate the derivatives 
of H’ and T with respect to [ at I = ti+s; and 
with the help of equation (4.10) in the coefRcients 
Aa, Ba . . . we may substitute all the values at 

= [ for the values at the points E = li and 
:iz &+r. Thus, for the line 6 = tie we get a 
system of ordinary differential equations 
differing from exact system of equation (4.7) in 
values of the order P. 

The derivatives 

aw aTI 

necessary for determining the approximate 
values of the functions, and their first derivatives 
at 6 = liti are determined from equation (4.7). 
Boundary conditions are linearized in an 
analogous way. 

It is clear that for the boundary layer calcula- 
tion by successive transition from the straight 
line [ = & to that 5 = [i+r while increasing f, 
one must know the values: 

i.e. it is necessary to solve equation (4.7) at the 
points lo = 0, .$r = h in the neighbourhood of a 
front edge. At sufficiently small 6, such a solu- 
tion may be found with the help of expansion 
of H’ and i in powers of I in the neighbourhood 
of the front edge: 
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Substituting the series of equation (4.12) into 
equation (4.7) and equating coefficients at equal 
powers of I to zero, we shall obtain a sequence of 
systems of ordinary differential equations for 
determining coefficients of series : 

H’ (0)’ H,,,, F.(o), Q(I), . . . 

The equations for H’(O) and T(O) are non- 
linear, while the rest are linear ones. The deriva- 
tives of the functions with respect to I at I = h 
are determined from equation (4.7) on the basis 
of the known values of the functions and their 
derivatives with respect to fie at the point 
& = h, calculated with the help of the series in 
equation (4.12). 

It is true that in this case there is disagreement 
in the values of the functions and their deriva- 
tives with respect to 8, calculated from equation 
(4.12), near the surface 8, = 0; therefore direct 
determination of the derivatives by f at .& = h 
and V, = 0 proves to be impossible. The values 
of the functions and their derivatives can be 
corrected near 6 = 0 using the series, equation 
(4.12), the approximations, equation (4.1 l), and 
the system, equation (4.7). This method, as well 
as all the methods described in section 4, may be 
applied to more complicated problems. 

This method was applied by Kulonen [36] to 
solving the problem of the laminar boundary 
layer of a wing in the presence of injection. 

(6) Application of small disturbance method to 
laminar bounduy layer problems 

If the velocity outside the boundary layer and 
the air properties dependent on temperature may 
be represented as small parameters which may 
be expanded with respect to l ,( 6 N 0), then it is 
possible in many cases to solve laminar boundary 
layer problems by the method of small distur- 
bances. The essence of the method lies in dis- 
turbance of the known solutions of boundary 
layer equations, expansion being done by the 
definite parameter. 

This method has been applied to laminar 
boundary layer problems in the case of thermo- 
dynamic equilibrium, with an impenetrable 
wall and constant temperature distribution along 
the surface [37]. This method may also be applied 
to more complicated cases.’ 

5. TURBULENT BOUNDARY LAYER 
When solving turbulent boundary layer 

problems for a gas mixture one may generalize 
the semi-empirical theory of turbulence. Such a 
generalization is given in our work [l]. In it 
there is a complete solution of the problem on 
the turbulent boundary layer of a plate assuming 
the equality of mixing lengths I= 1, = 1, = Ky, 
where y is the distance from the wall. 

This allows one to write integrals of energy 
and diffusion equations for the turbulent layer: 

H = au, + b, [i = alv, + bl. 

In the laminar sub-layer at Lei and Pr numbers 
not equal to unity, H is assumed to be repre- 
sented as the polynomial of the second power of 
v,. When solving the problem, friction stress 
is taken to be: 

where it is assumed that T/M = c,h + d, and, 
as usual, integral relations are used. 

For determining the heat flow and the friction 
coefficients the following formulae were ob- 
tained in the work: 

ho Tao 1 Prlla 
Hm-Hw- Aa WV) &Z---_ 

41 

_ ,G& - Pr fJcr 
- a(Pr) Wu)l 

41 - a(Pr) Wu)l 
_ pr f 

1 * ’ 
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c_csin~~s+R7- f R,-- 1 6. 

B 
- arc sin --; 

A. I. GUBA~V and Y. P. LUNKIN, 211. TX/t. Fiz. 

B 
XX-+?. N 11 (1957). 

7. M. Bc&ilrpm;, &z&&e Chemiq 18, 374 (1938). 
8. 

D 
G. C,utw, NWLW C&mwro, 7, 155 (1950). 

9. A. S. ~V~D~LFN, E. W. SIUPXHENKO, J. P. 
STAKXANOV, E. V. SAMUILOV, A. S. wov and 
J. B. ROODESTVENSKY, Tablitsa termodinamichekikh 
funktsii votiukha v i&rvale temperam ot 1000 do 
12wo” v intervale davlenii ot O-001 do 1000 atm, 
I&w AN SSSR (1957). 

10. MOORH, Reshenie uravnenii laminarnogo pogranich- 
nogo Slop 0 u&tOm dissotsiatsii dl* &i&aemoi 
zhidkosti s izmenyayw&imisya fidchsakimi svoist- 
vami, Mekhauika, Sbornik pereve&, N 5 (1953). 

11. E. P. VAULIN, Dokl. AN SSSR, 1X3, N 6 (1957). 
12. C. COHEN, R. BR~MBERG and R. LIPKD, YRT, N 4 

(1959). 
13. R. E. DO-AN, N. J. POLSKY and S. W. ROMANENKO, 

PMM, vypuslr 2,22 (1958). 

& = 
Hlo + (d/c) 14. S. M. SCALA and C. W. BAULKNIGHT. VRT. N 12 , I 

Hal + (d/C3 
wm 

15. S. Law, J.&S, 21, N 7 (1954). 
From the formulae obtained, in particular 16. T. J. Lr and H. T. N~AMA~SI, JAS, 22q 607-616 

cases, the known results are obtained for an (1955). 

incompressible liquid. In the case of a thermo- :I c.cGHsNandE. REWOXG, NACA, Rep. 1294 (1956). 

isolated wing or an axisymmetrical body, * 
E. -0 and C. &=N. NACA, Tech. Note. 

where Pr = 12~ = 1, the problem is solved 19. 
3513 (19153); 3525 (1955). 
L. Lama, Jet propulsion, 26, N 4 (1956). 

simply. Here, it may be assumed that H = const, ?a J. A. EAY pnd F. R Rnxwu, /AS, 25, N 2 (1958). 

which allows one to obtain expressions for the 21. J. A. FAY, F. R ~?DDELL and N. H. Km@, .fer 

friction coefficient and other vahus, which 
ProZl&io& 27 (1957). 

gcwalizc the solutions known. 
22. W, Tru& NU, N I (1947). 
23. A. G. I&~MIT, V&a&e vyazkosti na giperzvukovoe 

For the non-thermo-isolated wing or the obtckzflale ploskoi piaatiny s koneohnoi pemdnei 

axisymmetrical body, the problem of g&s motion 
in a turbulent boundary layer has not been 
solved. 

Lately some works devoted to the considera- 
tion of ~bul~t boundary layer, big 
the analogy method have been published; it is 
supposed in these works that the power velocity 
distribution law is valid in the boundary layer 
(v&) = (+)*. Of these, Belyanin’s work, which 
was reported at the Congress of Mechanic 
Workers in January 1960, should be mentioned. 
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Abstract-The paper present equations for a gas mixture flow in laminar and turbulent boundary 
layers with a discussion of possible methods of their solution. 

In particular, some new classes of similar solutions and a scheme for an approximate solution for 
the equations with the use of the Kochin-Loitsyansky method are mentioned. A series of new results on 

a turbulent boundary layer is given. 

R&arm&-L’article donne dcs tquations relatives a un m&ange de gaz en 6coulemcnt dans les couches 
limites laminaire et turbuleme et discute des m&hods possibles pour les &soudre. 

En particulia, des classes nouvellcs de solutions semblables et le s&&ma d’une solution approch& 
utilisant la mtiode de Kochin-Loitsyansky y sont mention&s. Unc s&e de nou&aux r&hats sur 

la couche limitc turbulcnte cst don&. 

B-Fur die laminarc und turbulcnte Gmnmchichtstrijmung eines Gasgcmisches 
wcrden Gleichungcn nut m@lichcn L&ungsm&odcn angcgcben. 

Insbesondere sind ncue Artcn von Ahnlichkeitsli)sungcn cnv&hnt und eine M&lichkeit der n&he- 
rungsweiscn L&ung mit Hilfe dcr KochiiLoitsyansky Methode. Ftir die turbulente Gmnmchicht ist 

tine Reihe ncucr Ergcbnissc ange@cn. 


