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NOMENCLATURE
thermal equivalent of work;
heat capacity of the ith component of
a mixture at a constant pressure;
molar heat capacity of the ith com-
ponent at constant volume;
diffusion coefficient of the ith com-
ponent;
activation energy;
radiant energy full flows, incident
and reflected;
mass forces vector component (with
respect to mass unit);
arbitrary function of x, v and T,;
total heat content of mixturemassunit;
mass unit heat content of the ith
component;
number of mixture components;
diffusion vector component of the
ith component;
concentration change velocity of the
ith component due to chemical
reactions (of non-equilibrium);
molecular weight of the ith com-
ponent;
averaging coefficient;
pressure;
pressure of an adiabatically de-
celerated flow;
heat flow vector component;
number of reactions when the ith
component originates;
temperature;

Vigs

Pws

wall temperature;

velocity on the edge of a boundary
layer;

one mole internal energy of the ith
component (=u,, + |7 ¢,, dT);
internal energy of one mole at
absolute zero;

velocity vector components of a
mixture as a continuous medium ;
ath reaction rate;

absorption coefiicient;

boundary layer thickness;
displacement thickness;

laminar sublayer thickness;
volumetric heat release (e = 0 for a
plane problem; ¢ = 1 for an axi-
symmetric problem);

mixture heat conductivity coefficient ;
mixture viscosity coefficient;
viscosity of the ith component;
stoichiometric coefficient;

relative mass concentration of the ith
mixture component [£; = (pi/p)];
mixture density;

density of an adibatically decelerated
flow;

Boltzman constant;

conductivity;

friction tensor component;

molar concentration.

1. EQUATIONS OF MOTION

THE steady equations of motion of an ideal gas
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mixture in the boundary layer of a wing or of
axisymmetrical bodies in the presence of
radiation diffusion may be written in the form:

(a) mass conservation equation:

8 2
é} P!}wr‘ -+ 5}-} vare == 0; (1.1}
{b) momentum equation:
61), 81:, 3p Brw
(1-2)
o .
0= 7 + pF,; (1.3)
(c) diffusion equation:
o¢; o¢; .
ploog +ug) == g it K (4
(d) energy equation:

eH oH
P (Uz % + v, 3_},") Ap(Fou, + F,,U,,)’{- (qy

o
+ Avyry,) + % (Et — EX) + pgy; (1.5)
(e) radiation transfer equation, which for a
grey body (if radiant energy dispersion is to be
neglectcd and local thermodynamic equilibrium
is to be assumed) will have the form:

oE+

T ma(aT* — E+), (1.6)
oE-
ok ma(eT* — E-); 1.7
(f) equation of state
P RT
p M

(1.8)

When considering motion of gas in the
absence of electric and magnetic fields, mass
forces may be neglected. In the case of a con-
ducting gaseous medium, the mass forces com-
ponents pF, and pF, are determined from the
equations:

¢ B+ B+ B! 3
B,
'T‘B *Buasy
> (1.10)
F“_zm+m+w
Py == 3
aB
+ B, 6y+B ]

where B,, B, and B, are the vector components
of magnetic field intensity.

The magnetic field intensity is determined
by the Maxwell equations, which in the case of a
boundary layer may be written in the form:

B, B ]
ox oy

- (1.11)
1 asz_ 7 B B, r
PR (v B, — vy By, J

nz 8 N
—l‘- OBV: -—-(U¢By—Usz),
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1 B, EU,B év, B l '
o, HF ax oy J

In the case of a conducting medium,
pe = (j*/o) is the Joule heat, where j is the
current density vector (j = V x B).

Equations (1.2) (1.4) and (1.5), the com-
ponents of a friction tensor, diffusion flow vector
and heat flow vector will be expressed differently
in cases of laminar and turbulent boundary layers.

In the first case, if thermo-diffusion is to be
neglected, then =, g, and J; may be deter-
mined from the following formulae:

v, I
=kE

o¢;

J‘zPDzay; fn (1.13)
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where

PC
Le,' = —L_ = z gz aT Z Eicpi;

U
hi = If(:+ L ey AT; h = Z ¢,

In the case of a turbulent boundary layer, if
we proceed from the semi-empirical theory of
turbulence, it may be assumed [1]:

-

v,
=sF (6y)
&, B¢,
J' = p , 0 -’
y 0y
lauz , o ch r (1.14)
qy = dy h v
‘“(r Wy 5 ]

4

where /, I{ and /, are mixing lengths for momen-
tum, diffusion and heat transfer, respectively,
which in boundary layer problems will be
assumed to be proportional to the distance from
the wall.

Moreover, considering a turbulent boundary
layer, we shall assume that near the wall there is
a laminar sublayer §;, wherein formula (1.13) is
valid, the derivatives of heat content velocity
and concentration undergoing discontinuity
when passing through it, namely:

&) =5 &),
Y Jv=d1_¢ Y [ v=p110
'6h) - K (3h)

(ay 1/‘6'1,_0 : ay ‘H"Jl-{-o’

o¢; 35.)
=K,
(ay )1‘81_,0 (ay v=51+0

If I} = I, = I, then the coefficients X, K; and K,
as can easily be shown, are connected with the
relations:

C
K, j\”

In

K=K —, K; =

3 1 P Di 2 =

Diffusion, viscosity and heat conductivity co-
efficients for a gas mixture depend upon tem-
perature as well as upon concentration of

certain components. At present there are no
complete theoretical and experimental data on
their determination for multicomponent mix-
tures.

There is a number of formulae for binary
mixtures. For example, in Wilke’s work [38]
formula is suggested for the calculation of
two-gases mixture viscosity:

- H# + H2
¥ 1+ §12 (Xz/Xl) 1+ & (Xl/xz) ’

where

0+ (My/ M)V /()P
2V2 VI + (MM -

The dependence of viscosity upon temperature
is well described by the Saterland formula [2]:

Too + Smix T 1-5
M= .“"(Tw) T+ SmXx (TGJ) s
M (S, S,
Smix =—- (M2 + A_ll)

is the Saterland constant. The dependence of
heat conductivity upon temperature can be
expressed through the number Pr = (c,u/A) and
the dependence u(T).

The question of determining and calculating
the viscosity coefficient, heat conductivity and
diffusion for air has been discussed in detail
[3, 4]. As far as the velocity of change of con-
centration on account of chemical reactions X,
is concerned, it may be represented in the form:

by =

where

K,' = Mi ’2 viaW:'

as=1

The equation of a reaction in chemical sym-
bols is written in the form:

[4
2 v‘aA,' = 0.

fxl
Since :‘J J; = 0 from the determination of the
el
diffusion vector, from equations (1.1) and (1.3)
we have that X vieM; = 0.

e}
The reaction rate W,, according to the mass
action law, will be written thus:

r !
{J— (PN PN — K'ip'vian’vea
W! = Kichecse .. —Kliceheepe ...,
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where K! and K* are rate constants of a direct
and inverse reaction, respectively; ¢, ¢, ...,
¢], ¢, are concentrations [c; = (/M) pl.

The reaction rate constants are functions of a
gas mixture state. At quasi-equilibrium processes
they may be considered as functions of tem-
perature. In many cases they may be expressed
according to the Arrhenius law in the form:

= 4(T) e-/AT,

where A7) is some constant or function of
temperature.

The constant of a back-reaction is determined
by means of the chemical equilibrium constants,
K% and K}, by the formula:

K

K‘ _— K"‘(RT)"'“’

The question of determining reaction rate
constants for dissociation of two-component
mixtures and for air is discussed in [5, 6, 7, 8,
etc.]. However, data on the determination of
K! and K!* in the case of dissociation and
recombination are not available.

For the approximate solution of boundary
layer equations it is assumed that there occurs a
local chemical equilibrium. Then, concentrations,
£;, as functions cf pressure and temperature,
are determined on the basis of both the mass
action law and the equations of conservation of
atomic number. In this case thermodynamic
functions of air have been determined and
presented, for example, in tables given by
Predvoditelev [9]. Equation (1.3) is excluded
from consideration.

What may be the error of such an approxi-
mate solution has not yet been established.

2. TRANSFORMATION OF EQUATIONS TO THE
DORODNITSIN VARIABLES

Let us introduce the values being as indepen-
dent variables

=.[ f(x’u’Tw) _p__rﬂedx’
0 P

vy
P
= | —redy.
Y] L o y

By introducing a new function instead of v,

_P P S 2 Po Uz 6_7;
" emp TUT fex
and turning to dimensionless variables
U = Umax i
Up = Dolimax, Vy, = Vv Lu Umax,

u, L?
¢=¢ ‘“:: , m=4L, H=Hdl +g),

—Ho(l £g), Z,=2%
£is
where
o _ e
INAX A I

L is the characteristic length having the order of
thickness of a boundary layer; after certain
transformations the equations determining the
laminar motion of a gas mixture (ignoring
radna.txon) may be written in the form (bars
omitted in future):

m T,y
u,")a"g+ V,,Z pf’ug—;-f-%(l(%), 22)
v,a%-—zg-}— v, %Z;_%(g; %) LW, @3)
ey o
+Z§,—?(1 £z fa +g.-)%z‘], |
wher;
e et e
Tk e S
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Let us represent boundary conditions for
system, equations (2.1) to (2.4) as follows:

TIEO’ ijmﬁe, va'/o, Z, =2y,

Hw ht’w
—E"l_‘gwy gi—-m“l (2.5)
n>® v, =u Z;=1 g=0.

In the absence of volumetric heat release and
mass forces, provided that Ho and §;, are
assumed to be constant, integral relations in the
Dorodnitsin variables will be written as follows:

d 1 du
— sex 4 - % *
d§8 +ud§(28‘ + &%)
K, (6 v,)
= v |~ — Vs 2.6
o\ 5 ,,-o+ (2.6)

d .
&»(5:") + uV, (é'f - 1)

PwDiw <azi) -rPoo Wi
= Koo {—
2 wre on f,=o+ obf pr

dn, (2.7)

a%(ud“) +uv, (gi -~ 1) ]
Ko [{e HY
=7 e{ (5 7,

PwDiw ( 1 ) hmafi }
Pri(1—5—)=2 L
+ Z‘ By : Le;,] Ho 07 n=0)

Here
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p o Pebe Po ™
R T
or% = "°‘ﬁ(1_~93) dn,
Jo u u
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&% = — —— ) dy, 2.9
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-a‘vz
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Jo
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A% — 2y - = .
Jo u (1 Hw)dﬂ ]

where §,, 8, and 8, respectively denote thick-
nesses of dynamic, thermal and diffusion boun-
dary layers in the Dorodnitsin variables. The
thicknesses mentioned are determined from the
conditions:

ov oZ,; oH
Tel —0, 2 =0, — =0.
677 n=5 =8 87] =20,

[it is assumed in equation (2.8) that

gy + Avg7ey),~5, = 0.] In the case of an asymp-
totic boundary layer in equation (2.3) it must
be assumed that 8, = §, = §; = 0. In the case
of equilibrium dissociation with the assumption
that (T/M) = ah 4 b the thickness of dis-
placement 3* is represented in the form:

i

o = 1 — A(u?/2Hx) + (bjaHx)

xd D s g g
aHeo ! 2Heo
where

81 v 31 H v
. __Z * __ _____j
=] (=g o 4= (- 2) o

-
3. POSSIBLE SIMILARITY SOLUTIONS OF
LAMINAR BOUNDARY LAYER EQUATIONS
Let us find out at what values of u(£), V(£),
guo(£) and Z,,(¢) solutions of equations (2.1) to
(2.4) dependent on one variable » = %x(§) are

possible.
Assuming
Uz oK, £)
u  or
g = go¥(7; §),
Zi = Z,('r, f)a

from equation (2.1) we shall have:

u oF ux' oF ux' o
=V sm— = "a:”(—x' —;)
3.D

and equations (2.2) to (2.4) will be reduced to
the form:
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oF &F  oF o ¢4 )
(af 70t ~ 9% 9+%)(dJd®) In (x/u)
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_ dujd¢ Cq

u_ (d/d8) In (x/u)
Po oF\? o  OF
5~ )]+ a5 J
Cq dlng, oF
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“EEE_}'F[JC gF]

1 ap 1\ 2
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&8 oz,
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ozZ; o V, &
Z +[—°—f+,F] Ze

5 5 x L (3.4)

. Le,- 3Z£) |
- (Ve F) + W J

where
f _fud x
W sz, Ca—x—z a—glna

As is seen from the system of equations given
F, ¢ and Z, will be functions of  if the following
conditions are fulfilled:

N = Ny(§)Ny(7),

Vof

‘]v_lx = g3 = const, ]
3.5

S o _ t,

N1 == ¢; == cons

i g)f (du/df) — const, ]
du/d r(3'6)
4(5)1" ( u/ E) — const, J

where it is assumed that

2
po_ (33_") = w(IWy(®) + wo(PIwy(8),

P
| 1) u2
(“Fr 2

1 —-—— Q Jr_igi)_f“? ?ﬁ
Le, 8w Pr’

Pr,
W,

are functions of = or constants;

Cq

Ny (d/d§) In (x/u)

and
Ce

dilng,
d¢

= (3.7
dln ;5

N, (d/d§) In (x/u)

d¢

are constant values. If the assumption that
(T/M) = ah + b is valid, then:

W]_(T) = (p(f)a ]

8o
" = T Gabey

o=t gz (5] - (5]

1
WO = T T Gy
In the case of a plate or a cone, the conditions
of equation (3.6) are always fulfilled and the
remainder with the assumption that f = N, give
the following equations for determining x(¢),

Vo), 8u(£) and £;4():

(3.8)

—

4

1 .
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where ¢;, ¢, ¢4, ¢, C5. €4, €4, C are arbitrary con-

stants. And
Le,' g:a
Br ( ) a+ gz)

have to be functions of = or constants.

Similar solutions of equations (3.2) to (3.4)
are presented, for example, in the case of a plate
for some particular cases [10-13]. Ordinary equa-
tions obtained in this case are simply solved
when Pr and Le, are constant, Ny(7) == const,
8w = const, {;; = const, W; =0, and injection
is absent. In the presence of injection and
variable numbers Pr and Le; the equations are
solved pumerically. It will be noted that the
solution of the ordinary equations obtained in
the presence of chemical reactions, ie. at
W, % 0, has not yet been actually considered
(see, however, [12] and [14]). The case with
variables g,,, £, has not been considered either.

In the case of a wing or axisymmetrical body
the conditions that [1 — (1/Pr)] u?/g,, is the func-
tion of = or the constant (since u is the function
of £) may be fulfilled only when:

(a) Pr=1

uz
b) — = const,
(b) .

Nz, PI‘,

and Pr is the function of 7 or the constant.

In the case of hypersonic velocities, when a
boundary layer of thin bodies is considered, it
may be assumed that u® s 1, then the condition
u?/g,, = const will be fulfilled at g,, = const.
When a boundary layer near a stagnation point
is considered, u® may be assumed approximately
equal to zero. The conditions of equation (3.6)
are fulfilled not at each dependence po/p upon T.
In particular, for their fulfillment it is necessary
that wy(§)/w(é) = const, which with the assump-
tion that the equation (T/M) = ah + b is valid
leads to the condition g,, = const.

In this case equations (3.5) and (3.6) lead to
the following equations for determining x(¢),
u(€) and V(£) where there are similar solutions:

Jfu (X' W
T — %)=
S (du/d§)

F Vo =csNix,

From the latter equations we get:
_ £ (du/dg)
¥ \/ (BNIU —u (b/an)l)
_ J ( (poo/p) r~* (du/dx) )
BN, [1 — u* + (b/aHx)]
and for u(¢), the following equation:

f dujd¢
N, B[l — 4+ (b/aH)]

3.11)

- (my+2

=D i

or

(peo/p) r—* (du/dx)
NB[1 — u? + (b/aHx))

—(U/m)+2

D =T Gl

where
i G
2m = B + (b/aH=)]
The term entering equation (3.2)

% s [2- )]

u d¢ (d/d§) In (x/u)

_ 1 oF q b b
=B [1+guwp— ( )(+an)+;H—w-
The form of the function u(x) depends on para-
meters 8, m and D, and that of u(£) on the

form of the function f(£) as well.
In particular, assuming that

b \1+@/2m)
f= N, ( )

— u’ + ——
we shall get u(¢) in the form:
u=cy(€ + )
ifm##1, and

k4

(3.13)

u = c,, eD*¢ (3.19)
if m = 1, where n = [m/(1 — m)],
u— (amy 1
x(§) = D VI = & ¥ (bjaH)] ) 7*™
Cn, Cyp are arbitrary constants.
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If we assume f = uN, we shall obtain

<= wr o)

_ &+ D)™ VI + (bjaHx)]
VAL + €€ + (Dfe)P™}

The variables ¢ and = turning into the Mangler
variables.

The numerical solutions of equations (3.2) and
(3.3) under boundary conditions:

3.15)

and

F0)=F'(0) =0;
@0) = 1;

atb=0,N,=1,Pr=1,Le;=1landm # 1
over a wide range of B (up to 8 = 2) were ob-
“tained by a number of investigators [15-17].
Moreover, Cohen and Reshotko [17] obtained a
numerical solution of the mentioned equations
at Pr = 0-7 and (2/g,) = 1-2.

Similar solutions may also be used in studying

a motion near the critical point where
u ~ x(dufdx),. It is convenient to introduce
here the Mangler variables. Numerical solutions
of equations for this case are presented by
Reshotko and Cohen [18] for Le; = 1, Ny = 1
and by Li and Nagamatsi [16] and by Lees [19]
for Pr = 1 and Pr = 0-7. In the neighbourhood
of the critical point at Le; s 1 for final reaction
rates for a catalytic and non-catalytic surface,
the numerical solution of equations (3.2) to
(3.4) was obtained by Fay, Riddell and Kemp
{20, 21]. The solution of these equations for
injection and also for another change law of
u(£) has not been discussed in detail. Similar
solutions for chemical reaction and surface

melting also demand a more detailed analysis.

F(0) = 1;
() = 0.

4. APPROXIMATE METHODS FOR SOLVING
LAMINAR BOUNDARY LAYER EQUATIONS
As was mentioned above, similar solutions

may occur both with definite velocity distribu-

tion of external flow along the edge of
the boundary layer and for certain ranges of the
numbers Pr, Le,, g,, etc. In the general case of

arbitrary pressure distribution along a profile
and with arbitrary boundary conditions the
problem has to be solved approximately.

In the boundary-layer theory the following
arbitrary methods are applied:

(1) A partial application of local similarity in
which the pre-history of a flow is taken into
consideration only as the dependence of co-
efficients on the variable ¢£.

(2) Methods of integral relations.

(3) Methods involving expansion in series in
which the coefficients of each variable are ob-
tained by solving ordinary differential equations,
and the expansion variables depend on the
conditions outside the boundary layer.

{(4) Methods of successive approximation.

(5) Difference methods for solving laminar
boundary-layer equations.

(6) Methods of small disturbances.
We shall now consider on these methods:

(1) Local similar solutions

It is the essence of this method that the
problem is reduced to solving systems (3.2) and
(3.4) with local values 8, g, (W?*/Hx) and N
determined at each point of ¢.

Such a method is applicable if it is known
beforehand that the external flow and gas
properties on a body depend little on ¢, i.e.
when derivatives with respect to ¢ are small
compared with those with respect to 7.

(2) Method of integral relations

The application of this method to solving the
problem of gas motion in a laminar boundary
layer is different both for a finite thickness layer
and a symptotic one. For the layer of finite
thickness it is assumed that the profile of
velocities, heat contents and concentration may
be represented as polynomials of ratios (1/8,),
where §; is the corresponding thickness, the
coefficients of which are determined from the
conditions on the wall and on the edge of a
boundary layer. From the integral relations we
get ordinary differential equations for deter-
mining boundary layer thicknesses. The wall
conditions are obtained from the differential
equations, assuming their validity on the wall,
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their number being able to increase by dif-
ferentiating the equations. For a thermo-
isolated profile the method in question was used
in 2 number of works [22-24]. The calculations
become rather complicated under more general
wall conditions.

For the asymptotic boundary layer, the
integral relation method is used, with corres-
ponding profiles taken from a similar solution.
In the foreign literature such a conception was
first used by Thwaites [25], who considered a
definite relation in which tangential wall stress,
local pressure gradient and the ratio of dis-
placement thickness to the impulse loss thickness
are interrelated. The Thwaites method was
worked out by Rott and Crabtrec [26] who
considered the case for Pr = 1 and a thermo-
isolated surface, and also by Cohen and
Reshotko [17] for Pr = 1, g, is constant. In
Cohen and Reshotko’s version the enthaipy
gradient on the wall, g,,¢'(0), is assumed to be,
as a result of similar solution, the known
function 8 of the parameter connected by the
definite relation with the pressure gradient and
impulse loss thickness.

Later on this method was worked out by
Hayes [27] who, in contrast to Thwaites, intro-
duced the boundary layer thickness as the
function G(x) instead of the impulse loss thick-
ness to separate the variables.

Methods utilizing local similar solutions are
similar to the Kochin-Loitsyansky method [28]
worked out for an incompressible liquid and
generalized for a compressible one.

We shall now show how it is possible to solve
a problem on a gas mixture motion in a laminar
boundary layer by the method mentioned above.

If we assume that f; = N,, and introduce the
values §** = §**x, 8= x8, 4**= — (x/g)4**
and substitute (v,/u) = (8F/dr) etc., the integral
equations (2.6) to (2.8) may be written as
follows:

O {14 ) g

He )“uz]}

—7

A“ 4.1
+gw‘s‘¢—.+ [2(1+a ( )

= §**F, (0, §) + Bu;
G

ds* dlnu
9 8‘
u8 ( T -+ §)

~BS1-Zu)+ (7) 8Z.0.0; @D
udss (dj;‘ + a4 iR “) pgsde |
f,"’w{gwq?,(o §4= b (4.3)
+ > e — e gz 0,0}
where
e gude
T 5% | — u¥ + (bjaHo)
Ved** V,
ﬁl - g“‘* = }B' (44)

For the approximate solution of the problem of
gas motion in a boundary layer of the wing,
when there are no similar solutions, let us assume
that:

v oF
uz 5;9 @ = MTS)’ Zi = zi(fi)s
where

and the form of the functions F(7;), ¢(7s) and
Z7,) are the same as in the case of similar
solutions. In this case we shall consider the
parameters B, B;, ., Z. as functions of ¢; B, B,
being expressed through &** and w#(¢) from

equations (4.4) where:
/)
e,

© oF

o =§ x (1 -
© gF

5t =L Za-zyen,

and so on.

The values entering the integral equations
5**F, (0, £), 8*/5** as functions of B and B;;
d*15%*, (0, £)4** as functions of B, B, 8w, Le;
and Pr; 8%/5%* §*Z. (0, ¢) as functions of 8, 5,;
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Ziy, Le,/Pr and 4**/5** as a function of 8, By, gu,
Ziw» Le, and Pr are determined from similar
solutions.

In solving the problem, 3** is first determined
as a function of ¢ at given u(¢) and V, from
equation (4.1) then B(¢) and By(¢), and lastly
3% are determined. Friction, heat transfer and the
diffusion flow are determined from the relations:

t b

Pu . 8
_P—a-)rc“ "(095)'3—*.;’

Ty == fhy
, 3,
J;: T m——— Diwr‘fn! Zw(o f) 8”
gw ‘Pf(o f) %
So=teper {Hw = 4 Pr,,,

Z, (0, 93,
+ Z Prw hz‘w fa'a 8: }'

Equation (4.1) for the incompressible liquid was
solved by Kochin and Loitsyansky. The solution
of the latter equations for Le; = 1 at g, = 0 has
been obtained [29].

The works devoted to the consideration of
more general cases, as far as we know, are not
available.

(3) Expansion methods

For simplicity we shall consider thermo-
dynamic equilibrium at Le; = 1. To apply the
expansion method it is necessary to express ail
the parameters characterizing gas properties,
(e.g. the density ratio p,/p) analytically.

The velocity outside a boundary layer is
represented as follows

an
U = UtV 4 Uy Ut . .. =X ugé @t
K=0

4.5

where ux is a constant, and is determined from
the non-viscous velocity distribution.

The unknown functions of F and g* are also
given as power series of £.

F=F, + I Fx¢kn,

K=1

g=g, +K2‘-lgx§'“’, 4.6)

where Fx and gx are considered to be dependent
only on 7.

The first term in equation (4.5) is a non-
viscous flow in the neighbourhood of the axi-
symmetrical critical point. Such a flow has
been examined before, so that F, and g, are
known. Substituting equation (9.6) into the
equations and comparing coefficients at equal
powers of £, we get ordinary differential equa-
tions for determining Fx and gx. In the general
case this method leads to very laborious cal-
culations. Nevertheless, it can be simple enough
if the non-viscous velocity distribution is repre-
sented by two or three terms of series of equation
(4.5).

This method was used by Gortler {30] for a
two-dimensional incompressible boundary layer
without heat transfer; and by Sparrow [31] for
the same problem with heat transfer. It can also
be generalized for the case Le; ~ 1, as well as
for cases where diffusion is taken into account.

(4) Methods of successive approximations

This method applied to an incompressible
liquid is given in Shvets’ work [32]. The essence
of this method is as follows. In the system,
equations (1.2) to (1.4), for a first approximation
inertial terms are neglected, and the solution
of a simplified system with corresponding
boundary conditions is found. The next approxi-
mation is obtained by substituting the first one
into the inertial terms, and solving the system
obtained for zero boundary conditions. The sum
of this solution, and the first approximation
gives the second approximation and so on. The
thicknesses of dynamic, thermal and diffusion
boundary layers are determined from the
conditions:

.0 (- ().
(3y m,—o’ ay m,_o’ (3y,)v-.:,‘0'

Applying this method to a compressible liquid,
it is convenient to introduce the variable
% = % {u/peo) dy, instead of the variable 7.
Using this method Galanova [33] solved the
problem for a laminar boundary layer of a plate
in the presence of dissociation. The solution of
the problem of a laminar boundary layer both
of a plate and a wing in the presence of injection
predetermined by the arbitrary law is given in
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work [34]. A good agreement of the results
obtained by this method with the available exact
solutions should be noted. The laborious nature
of the calculations is a drawback of this method.

(5) Difference methods

Methods for the solution of laminar boundary
layer equations employing assumptions (simi-
larity, predetermined type of a velocity profile
and enthalpy, velocity expansion outside the
boundary layer by £ with coefficients independent
of ¢, etc.) which facilitated the problem of
reducing a non-linear system in partial deriva-
tives to one or several non-linear ordinary
equations, were considered in previous sections.
But even with such simplifications one has to
resort to a numerical solution of the equations
obtained. It is therefore of interest to consider
methods for directly solving the partial dif-
ferential equations without applying assumptions
of similarity, etc.

For simplicity let us consider the case of
thermodynamic equilibrium at Le; = 1 [35].

Turning to Crocco’s variables:

- Uy
Vg = —,

5 §=[irt poudx

and introducing‘the unknown functions:

wooy) V2 H—H,
Fpaig® ° 0 T He— Hy

we shall write equations for determining 7 and
H' as follows:

& oF oH' or A
Al'a';-:z uE 815§+C1?§— + DIE

T o=

oH’
+ £ . + F, =0,
& H’ oH' oH' r @9
dzm T B +C’ag + D,

+Ea +G,( )(aH')+F,—o J

where the coefficients A4,, By, C,, Dy, E,, F;, A;,
B,, C,, Dy, E,, F,and G, are complex functions of
all the initial values and also of £, 7, +, h, Pr,
du/d¢ and K = (c,/c,).

Boundary conditions will take the form* at

. Do du hy
U = a av .fl (fy u, E ’ d——f’ E)
b,=1, =0, H =0. (4.8)

It can be shown that the system presented is of a
parabolic type, and the characteristics are the
lines ¢ = const. It makes it possible to apply
approximate methods using the connexion
between the values of the function and those
of its derivatives at three neighbouring points to
the system presented. As a result the problem is
reduced either to the solution of » algebraic
equations with » unknowns, or to the system of
the ordinary differential equations on each
line £ = const. There arise difficulties in ob-
taining data on the singular line.

The difference approximation of derivatives
has been represented by £ as well as by £, in the
form [35]:

6H' _H/— H, A
o A{-‘ ’
aH’ ’ (4 ’ ’
. 4Av (H,— H,+ H, — H)),
&H' 1 , , ,
= = EB‘E(H"_ZH’ + H + H,
, r (4.9)
— 2H) + H)),
oH'\ [oF
(&) ()
l I ’ - -
= g7 [(H, — H))(Fa — 7))
+ (H; — H)) (7, — 7)) J

where symbols d, e, f, a, b, ¢ refer to the series of
three points chosen on the successive lines
¢ = const.

On each line ¢ = const the system is reduced
to 2(i — 1) linear equations with 2(( — 1) un-
knowns, H, and 7,, of the form:

Alth:H + B"H" + Clt‘IItl-H
+ Dy + Eyri + Fymiy = Gay

* p, is the pressure in the vicinity of a singular point
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Symbol i is the index of the point on the pre-
determined series ¢ = const of such a point that
i=0correspondsto 5, =0,i = 1,7, = 1.

Solving the system with respect to H; and ~;
on a new line, using the conditions 5, = 0 and
¥, = 1, we get the values of H and #; which are
then used for determining these values on the
next lines.

Calculations are made in two opposite direc-
tions: one, starting with the body boundary
with fixed conditions at 5, = 0 and the second,
vice versa, from the boundary layer edge with
fixed conditions at 5, = 1. The conditions on the
singular line ¢ = 0 are obtained from equation
(4.6). Assuming the existence and the only
possible way of solving system, equation (4.7),
with boundary conditions, equation (4.8), the
solution being regular in the region 0 < 3, < 1
10 € < ¢ < o0 one may come to the conclusion
that:

oH'  oF
E T

Because of the use of power dependences for air
properties in [35] finite limits of coefficients at
oH'’[0¢ and at 87/9f in equation (4.7) were
found.

Thus, to determine H', 7 on § = 0 we get a
system of ordinary differential equations with
two point 'boundary conditions, the solution
of which is found by the Runge-Kudt-Hill
method. The method mentioned above was
used for calculating both a perfect dissociating
gas and pressure distribution according to the
Newton modified theory. (po/p,) = Sm?.

Difference approximation, equation (4.8),
may be replaced by the relations establishing the
connexion between the values of the function
and those of its derivatives at three adjacent
points:

£ =§;

=0até=0.

E=tin=&+h;
§=fia=&+20.. .5
where £ is the step by £.

F(éi+g, 02) = F(£:02)

OF|

2oy 00

(4.10)
23 £=fi+1

I. P. GINZBURG

O F(¢i+a, D) - onF(¢;, )

o or;

+ o8 e, TO0 @D
%‘;]Hm - i Florg, ) — [: F(éi+, 52)
—3Rea) = T2 ] oo

We understand the function F to be one of the
functions A’ or 7.

From equations (4.7), with the help of
equation (4.11), we may eliminate the derivatives
of H' and 7 with respect to £ at § = {,44: and
with the help of equation (4.10) in the coefficients
Ay, By... we may substitute ail the values at
£,+3 = £ for the values at the points § = £, and
£ = §;4,. Thus, for the line § = £+, we get a
system of ordinary differential equations
differing from exact system of equation (4.7) in
values of the order 4.

The derivatives

oH' o~
0§’ o E=£4+2’

necessary for determining the approximate
values of the functions, and their first derivatives
at ¢ = {44 are determined from equation (4.7).
Boundary conditions are linearized in an
analogous way.

It is clear that for the boundary layer calcula-
tion by successive transition from the straight
line ¢ = ¢; to that ¢ = £;4, while increasing &,
one must know the values:
oF(0, 5,) OoF

o, ° ot fmbimh
i.e. it is necessary to solve equation (4.7) at the
points £, = 0, £, = h in the neighbourhood of a
front edge. At sufficiently small ¢, such a solu-
tion may be found with the help of expansion

of H' and 7 in powers of £ in the neighbourhood
of the front edge:

H' = Hy(8,) + Ho(0)8* + Hp(02) € + - ..

7= Fo) + 7Fay(02) 82 + F0(0) € + ...
4.12)

o*F

FQ, 5.), cens O
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Substituting the series of equation (4.12) into
equation (4.7) and equating coefficients at equal
powers of ¢ to zero, we shall obtain a sequence of
systems of ordinary differential equations for
determining coefficients of series:

H, ('o)’ H, 1)

‘F(o), 1-'(1), ...

The equations for H'(® and 7 are non-
linear, while the rest are linear ones. The deriva-
tives of the functions with respectto { at § = h
are determined from equation (4.7) on the basis
of the known values of the functions and their
derivatives with respect to &, at the point
¢, = h, calculated with the help of the series in
equation (4.12).

It is true that in this case there is disagreement
in the values of the functions and their deriva-
tives with respect to &, calculated from equation
(4.12), near the surface 5, = 0; therefore direct
determination of the derivatives by £ at §;, = h
and v, = 0 proves to be impossible. The values
of the functions and their derivatives can be
corrected near ¢ = 0 using the series, equation
(4.12), the approximations, equation (4.11), and
the system, equation (4.7). This method, as well
as all the methods described in section 4, may be
applied to more complicated problems.

This method was applied by Kulonen [36] to
solving the problem of the laminar boundary
layer of a wing in the presence of injection.

(6) Application of small disturbance method to
laminar boundary layer problems

If the velocity outside the boundary layer and
the air properties dependent on temperature may
be represented as small parameters which may
be expanded with respect to ¢,(e ~ 0), then it is
possible in many cases to solve laminar boundary
layer problems by the method of small distur-
bances. The essence of the method lies in dis-
turbance of the known solutions of boundary
layer equations, expansion being done by the
definite parameter.

This method has been applied to laminar
boundary layer problems in the case of thermo-
dynamic equilibrium, with an impenetrable
wall and constant temperature distribution along
the surface [37]. This method may also be applied
to more complicated cases.
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5. TURBULENT BOUNDARY LAYER

When solving turbulent boundary layer
problems for a gas mixture one may generalize
the semi-empirical theory of turbulence. Such a
generalization is given in our work [1]. In it
there is a complete solution of the problem op
the turbulent boundary layer of a plate assuming
the equality of mixing lengths / = I, = [, = Ky,
where y is the distance from the wall.

This allows one to write integrals of energy
and diffusion equations for the turbulent layer:

H=av,+b, ¢ =ap.+ b

In the laminar sub-layer at Le; and Pr numbers
not equal to unity, H is assumed to be repre-
sented as the polynomial of the second power of
v,. When solving the problem, friction stress
is taken to be:

- ]+ 2 ()

where it is assumed that T/M = ¢,k + d, and,
as usual, integral relations are used.

For determining the heat flow and the friction
coefficients the following formulac were ob-
tained in the work:

Ao Tw Ho — H,, — Aa(Pr) (u?/2)
Gu = — 2 Pris
s Bo ull — a(Pr) (w/u)}
fL @3/2) — Pr fau
ol — a0 @] T
1—a® 2
me=dopdt G=-g— &

K2 c?

"‘+“éK§=m{BZJ(%)%},
a(Pr) = 1 — V/Pr; u=II_§-~/(;’:)

where
o m 0¢;
{&- P,Z[w« ke .,

— Pr

Si=Prp, s
a

fi=fim+ (Z(Let — Dhy ;‘) .

K

~11; K~ 04; n, =~ 29; ny =~ 1-16;
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2+ A, —
‘¢ = arc sin —

—-arcsing"’_ L
B g -

2K,exp{l -

ﬁg{(ﬁ + 1)

—2y/[ — az)H.,l}};

0= = A (1 — Py + Tl

g =4, + (B, — D%
u
Y= V2lHs + @)y
u
v {2[H, + (d[c)y4}’
a - H, + (dfc)
v Ho + (d/cl)

From the formulae obtained, in particular
cases, the known results are obtained for an
incompressible liquid. In the case of a thermo-
isolated wing or an axisymmetrical body,
where Pr = Le; = 1, the problem is solved
simply. Here, it may be assumed that H = const,
which allows one to obtain expressions for the
friction coefficient and other values, which
generalize the solutions known.

For the non-thermo-isolated wing or the
axisymmetrical body, the problem of gas motion
in a turbulent boundary layer has not been
solved.

Lately some works devoted to the considera-
tion of turbulent boundary layer, generalizing
the analogy method have been published; it is
supposed in these works that the power velocity
distribution law is valid in the boundary layer
(v./u) = (n/8)". Of these, Belyanin’s work, which
was reported at the Congress of Mechanic
Workers in January 1960, should be mentioned.

Uy

REFERENCES

1. L. P. GiNzBURG, Vestnik Leningradskogo Gosu-
darstvennogo Universiteta, N 1 (1961).

2. V. S. Avpuevsky and E. . OBROSKOVA, Izv. AN
S.S.R. Mekhanika i Mashinostroenie, N 4 {(1960).

3. E. C. STUPACHENKO, B. S. Dorsenko, I. M. Stak-
Hanov and E. V. Samuniov, Fizicheskaya
dinamika, Shornik Izd. AN SSSR, Moskva (1959).

4. S. CHAPMAN and T. Cowring, The mathemarical
theory of non-uniform gases. Cambridge (1939).

5. R. FaurLer and E. GUGENGEM, Statisticheskaya
termodinamika, Gosinizdat, Moskva (1949).

I. P. GINZBURG

6. A. 1. Gusanov and Y. P. LUNKIN, Zh. Tekh. Fiz.
XXV1, N 11 (1957).

7. M. BODENSTEN, Roczinike Chemie, 18, 374 (1938).

8. G. CARERI, Nuovo Cimento, 7, 155 (1950).

9. A, S. PrepvoprTeLev, E. W, STUPACHENKO, J. P.
STakHANOV, E. V. SamuiLov, A. S. PLesHANOV and
J. B. RoGDESTVENSKY, Tablitsa termodinamichekikh
funktsii vozdukha v intervale temperatur ot 1000 do
12000° v intervaie davienii ot 0-001 do 1000 atm,
Izd-vo AN SSSR (1957).

10. Moorg, Reshenie uravnenii laminarnogo pogranich-
nogo sloya s uchetom dissotsiatsii dlya szhimaemoi
zhidkosti s izmenyayuscchimisya fizicheskimi svoist-
vami, Mekhantka, Sbornik perevodov, N 5 (1953).

11. E. P. VAuLIN, Dokl. AN SSSR, 113, N 6 (1957).

12. C. ColiN, R. BRoMBERG and R. Lpxis, VRT, N 4
(1959).

13. R. E. DorFMan, N. J. PoLSKY and S. W, ROMANENKO,
PMM, vypusk 2, 22 (1958).

14. S. M. ScaLa and C. W. BauLkniGHT, VRT, N 12
(1960).

15. S. Levy, JAS, 21, N 7 (1954).

16. T. J. L1 and H. T. NaGAMATSI, JAS, 22, 607-616
(1955).

17. C. Couen and E. ResSHOTRO, NACA, Rep. 1294 (1956).

18. E. Resworxo and C. CoHEN, NACA, Tech. Note,
3513 (1953); 3525 (1955).

19. L. Legs, Jet Propulsion, 26, N 4 (1956).

20. J. A. Fay and F. R. RmopeLL, JAS, 28, N 2 (1958).

21.J. A. Fay, F. R. Riooetr and N. H. Kemp, Jer
Propulsion, 27 (1957).

22. KALIXHMAN, Trudy NII, N [ (1947).

23. A. G. Hemparr, Viiyanie vyazkosti na giperzvukovoe
obtekanic ploskoi plastiny s konechnoi perednei
kromkoi, Mekhanika, Shornik perevodov, N § (1959).

24. NLA. ’I')omcxzv, Vestnik MGU, v. 172, Mekhanika,
5 (1954).

25. B. TuwaAltes, dero. Quarr., I, 245-280 (1949).

26. N. Rorr and L. F. CRaBTREC, J. Aero. Sci., 19,
553585 (1952).

27. W. Haves, Voprosy raketnoi tekhniki, Sbornik pere-
vodov, N 3 (1957).

28. N, E. KocHin and L. G. Lorrsyansky, DAN SSSR,
XXXVI, N 9 (1942),

29. V. S. Avbueviky and R. M. KOPYATKEVICH, [zp.
AN SSSR, OTN, Mekhanika i mashinostroenie, N 1
(1960).

30. H. GORTLER, J. Math. Mech., 8, 1-66 (1957).

31. E. M. Sparrow, J. Fluid Mech., 4, 321-362 (1958).

32. M. E. Suvers, O priblizhennom reshenii nekotorykh
zadach gidrodinamiki pogranichnogo sloya, PMM,
13, vy. p. 3 (1949).

33. Z. S. GavraNova, Vestnik LGU, N 19 (1960).

34. G. A. KULoNEN, Vestnik LGU, N 19 (1960).

35. R. T. Kramer and H. M. LisersteIN, JAS, N 8
(1959).

36. G. A. Kuronen, Vestnik LGU, N 1 (1961).

37. V. V. Lunev, Primenenie metoda malykh vozmush-
chenii k zadacham laminarnogo pogranichnogo
sloya, PMM, vyp. 5, XX1, (1957).

38. C. R. WiLkg, J. Chem. Phys. 18, No. 4 (1950).
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Abstract—The paper present equations for a gas mixture flow in laminar and turbulent boundary
layers with a discussion of possible methods of their solution.
In particular, some new classes of similar solutions and a scheme for an approximate solution for
the equations with the use of the Kochin-Loitsyansky method are mentioned. A series of new results on
a turbulent boundary layer is given.

Résumé—1L article donne des équations relatives & un mélange de gaz en écoulement dans les couches
limites laminaire et turbulente et discute des méthods possibles pour les résoudre.
En particulier, des classes nouvelles de solutions semblables et le schéma d’une solution approchée
utilisant 1a méthode de Kochin-Loitsyansky y sont mentionnés. Une série de nouveaux résuitats sur
la couche limite turbulente est donnée. '

Zussmmenfassmg—Fiir die laminare und turbulente Grenzschichtstromung eines Gasgemisches
werden Gleichungen mit moglichen Lésungsmethoden angegeben.
Insbesondere sind neue Arten von Ahnlichkeitsldsungen erwiihnt und eine Moglichkeit der nithe-
rungsweisen Losung mit Hilfe der Kochin-Loitsyansky Methode. Fiir die turbulente Grenzschicht ist
eine Reihe neuer Ergebnisse angegeben.
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